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UPSacaly, France and HIT, China

Now postdoc with Prof. Anders Rantzer
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Past researches

Dissipative methods
(with Prof. R. Ortega and G. Duan)
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Past researches

Dissipative methods
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What is contraction?

Nonlinear system

i=f(z), zeCcM (1)

Contraction on C

All solutions in C' converge toward each other.
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What is contraction?

Nonlinear system

i=f(z), zeCcM (1)

Contraction on C

All solutions in C' converge toward each other.

Formal definition:

@ Asymptotic contraction or (IAS):
d(X(t,CL'ﬂ,X(LZ‘z)) =0, Vt>0,z1,20€C
@ Exponential contraction or (IES)

d(X(t,z1), X (t,22)) < Ke Md(xy,29), Vt>0,21,29€C
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A remark on terminology

incremental asymptotic stability incremental exponential stability
(IAS) (IES)
asymptotic contraction exponential contraction

g
i
i
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Contraction vs. Stability

Contraction: target solution may be .. . .
& 4 Stability: equilibrium as target solution
unknown
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Why do we need contraction?
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Synchronization as contraction

_U(Xa) U(Xa)

u(x,) —u(x,)  u(x,) —u(x,)
. :.: :.: :. <

1 2 3 4
c. ..:_.
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Synchronization as contraction

_U(Xa) U(Xa)

u(x,) —u(x,)  u(x,) —u(x,)
. :.: :.: :. <

1 2 3 4
i1 = f(z1)
to = f(z2) —u(z2) + ulzy)
>
.'i,'g = f(l‘3) — u(l‘g) +u $2)
&g = f(xa) —u(zs) +ulxs)
universit
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Synchronization as contraction

_U(Xa) U(Xa)

u(x,) —u(x,)  u(x,) —u(x,)
. :.: :.: :. <

1 2 3 4
i = f(x1)
5. )%2= f(x2) —u(w2) +u(zr)
i3 = f(xs) —u(zs) +u(r2)
iq = f(x1) —ulzs) + u(zs)
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Contraction based observer

Z:{:t:f(:v),:EEIR”

, Yy the measurement.
y=h(x),y e R™

Contraction-based observer:

Jg e Ct, st. f(z) = g(z,h(z))

and:
universite Eete
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Contraction based observer

Z:{:i::f(m),xEIR”

, Yy the measurement.
y=h(x),y e R™

Contraction-based observer:

Jg e Ct, st. f(z) = g(z,h(z))

and:
I
Observer: & = g(%,y)
SN .
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Basic question

How to analyze incremental stability? ( = contraction analysis)
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Set stability = incremental stability

Euclidean space,

fE=f@)
Z.{sz(z), ,z€R

Diagonal set: A = {(z,z) € R?"|z = z}.

A exponentially stable = & = f(«) IES.
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Set stability = incremental stability

Euclidean space,
pI {Jb:f(x), x,z € R"
2= f(z)
Diagonal set: A = {(z,z) € R?"|z = z}.
A exponentially stable = & = f(«) IES.

I

LF-based criteria = incremental stability. !

PARI Agrlfg'%“ “A Lyapunov approach to incremental stabilit rties,” IEEE Transactions on Automatic Control, vol. ii?%

no. 3, pp. 410-421, 2002.
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Set stability = incremental stability

Euclidean space,
pI {x:f(x)’ x,z € R"
2= f(z)
Diagonal set: A = {(z,z) € R?"|z = z}.
A exponentially stable = & = f(«) IES.

I

LF-based criteria = incremental stability. !

, sometimes difficult

(1). Construction of a set LF relies on distance |z —y
to calculate, e.g. systems on manifolds.
(2). System X contains two copies of the same system: redundancy.

Ut gjgl Stte
PARI ASr'Tg’%“ “A Lyapunov approach to incremental stabilit rties,” IEEE Transactions on Automatic Control, vol
no. 3, pp. 410-421, 2002.
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ntial contraction analysis

virtual displacement ox
\

x1(t) and zo(t) sufficiently close

i — &2 = f(z1) — f(z2)
i)
_____ ox

N
virtual velocity

(331 —902),
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ntial contraction analysis

virtual displacement ox
\

x1(t) and zo(t) sufficiently close

i — &2 = f(z1) — f(z2)
_0f(a)
ox

(161 —352),
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W. Lohmiller and J.J. Slotine?:
of (x)

virtual dynamics: §& = ——=0x.

ox

PARIE %.;E!S#%iller and J.-J. E. Slotine, “On contraction analymgon-linear systems,” Automatica, vol. 34, no. 6, pp.

683-696, 1998
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W. Lohmiller and J.J. Slotine?:
of ()

virtual dynamics: §& = —2%0x.

ox

virtual dynamics ES = i = f(z) IES

PARIg %.:E!S#rxiller and J.-J. E. Slotine, “On contraction analy%on-linear systems,” Automatica, vol. 34, no. 6, pp.

683-696, 1998
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W. Lohmiller and J.J. Slotine?:

IR ACI

virtual dynamics:

ox
[ virtual dynamics ES = i = f(z) IES ]
T
In particular: 3P > 0, ¢ >0 s.t. Pa‘g(x) + 9 g(x)P < —cl, VreR"
x x

. [{a-\.\
PARIE %.;E!Sﬁrxiller and J.-J. E. Slotine, “On contraction analymon-linear systems,” Automatica, vol. 34, no. 6, pp.

683-696, 1998
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W. Lohmiller and J.J. Slotine?:

virtual dynamics: & = 8f(w)6a:.
or
[ virtual dynamics ES = i = f(z) IES ]

p2I@) | O 1)

I ticular: 3P >0 0 s.t.
n particular >0,c>0 s or Oz

P< —cI, YzeR"

(1) Advantage: no need of system augmentation or distance.
(2) The mathematical meaning behind this idea needs to be further justified:
approximation, infinitesimal analysis, virtual dynamics.

° m (&)
. =
PARI .E!Sﬁrxiller and J.-J. E. Slotine, “On contraction analyz%ﬁwn-linear systems,” Automatica, vol. 34, no. 6, pp.

683-696, 1998
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Finsler-Lyapunov functions

F. Forni and R. Sepulchre:3

If 3 a “Finsler-Lyapunov function” V : TM — R, satisfying, for all
(z,02) € TM,

clozP < V(x,dz) < ca|dz|?, (2)

oV (z,dz) oV (z,0z) 0f (x)
A T
for some c¢1,c3 > 0,p > 1, then the system is

dr < —a(V(z,0x)). (3)

@ incrementally asymptotically stable (IAS), if a is class K.

@ incrementally exponentially stable (IES), if a(s) = As, A > 0.

PARI E.ﬁ%‘ﬁﬁYand R. Sepulchre, “A differential Lyapunov fram or contraction analysis,” IEEE TAC, vol. 59, no. 3,

614-628, 2014.
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Finsler-Lyapunov functions

F. Forni and R. Sepulchre:3

If 3 a “Finsler-Lyapunov function” V : TM — R, satisfying, for all
(z,02) € TM,

clozP < V(x,dz) < ca|dz|?, 2)

oV (z,dz) oV (z,0z) 0f (x)
< — .
for some c¢1,c3 > 0,p > 1, then the system is

@ incrementally asymptotically stable (IAS), if a is class K.

@ incrementally exponentially stable (IES), if a(s) = As, A > 0.

(1). Introduce new objects to study contraction.
(2). Provide more rigorous interpretation to differential contraction analysis.
(3). Limitations: local results; geometric meaning not quite clear; sufficient.

e 7 wpr=)
PARIB'Fs.ﬁ%IFrﬁYand R. Sepulchre, “A differential Lyapunov frar contraction analysis,” IEEE TAC, vol. 59, no. 3, pp. e
614-628, 2014.
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Why geometric contraction analysis

Growing needs of intrinsic methods (intrinsic observers in particular) for systems
on manifolds:

@ Rigid body dynamics: SO(3), SE(3).
@ Mechanical systems: R™ x (S!)¥.

@ Quantum systems: SU(3) etc.
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Why geometric contraction analysis

Growing needs of intrinsic methods (intrinsic observers in particular) for systems
on manifolds:

@ Rigid body dynamics: SO(3), SE(3).
@ Mechanical systems: R™ x (S!)¥.
@ Quantum systems: SU(3) etc.

@ Benefits of intrinsic (coordinate free) results: mathematical beauty (personal
taste :)
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Why geometric contraction analysis

Growing needs of intrinsic methods (intrinsic observers in particular) for systems
on manifolds:

@ Rigid body dynamics: SO(3), SE(3).
@ Mechanical systems: R™ x (S!)¥.
@ Quantum systems: SU(3) etc.

@ Benefits of intrinsic (coordinate free) results: mathematical beauty (personal
taste :)

Limitation seen from the literature:
@ Results mainly focused on Euclidean space.

@ Local results are sometimes cumbersome for theoretical analysis.

g
i
i
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Objectives

@ Gain the geometric understandings of contraction.

L]
universite
PARIS-SACLAY

(UPSacaly & HIT) Contraction Analysis: a Geometric Viewpoint



Objectives

@ Gain the geometric understandings of contraction.

@ Develop framework for intrinsic contraction analysis on manifolds.
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Objectives

@ Gain the geometric understandings of contraction.
@ Develop framework for intrinsic contraction analysis on manifolds.

© Solve some challenging problems using intrinsic contraction analysis.
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Ready? Go!
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Stability analysis of trajectories on manifolds

e System: @ = f(t,z,u)
o A trajectory: q(-), s.t. ¢(t) = f(t,q(t),us(t)), us an input.
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Stability analysis of trajectories on manifolds

e System: @ = f(t,z,u)
o A trajectory: q(-), s.t. ¢(t) = f(t,q(t),us(t)), us an input.

Analyze the stability of q.

R 2
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Stability analysis of trajectories on manifolds

e System: @ = f(t,z,u)
o A trajectory: q(-), s.t. ¢(t) = f(t,q(t),us(t)), us an input.

Analyze the stability of q.

If M =R", definee=x—¢q(t) = error dynamics:

é=f(t,e+q(t), u.(t)) —q(t)

D

)
L

L]
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Stability analysis of trajectories on manifolds

e System: @ = f(t,z,u)
o A trajectory: q(-), s.t. ¢(t) = f(t,q(t),us(t)), us an input.

Analyze the stability of q.

If M =R", definee =2 —¢(t) = error dynamics:
e = f{t,e+q(t),us(t)) = 4(t)

On manifold: x — ¢(t) no longer makes sense; no standard error; depends
heavily on the choice of error dynamics, often non-trivial!

. 73N
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Lifting technique: linearization on manifolds

¢ (831, x)(6%)

o 4(0)

9

Step 1: let dz(t) = ¢ (t;to, z)(dx) = Lie(dx)(¢;to).
Step 2: T(t) = (q(t),dx(t)): curve in TM.
Step 3: The complete lift of f(¢,z) along ¢(+):

. dr(t)

F(tq(t),02(t)) = — = € TigoeenTM, Vox & Ty M
universit complete lift system < Iin%arization of error dynamics
PARIS-SACLAY
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The vector field f defines a system:

U= ]F(ta Q(t)’v>’ CAS Tq(t)M (4)

- System is fibre-wise linear!
- v1,v3 € ¢*T M solve (4) = so is ajv1 + agve, ai,as € R.

° 3
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The vector field f defines a system:

b= f(t,q(t),v), veTyM (4)

- System is fibre-wise linear!
- v1,v3 € ¢*T M solve (4) = so is ajv1 + agve, ai,as € R.

Theorem (D. Wu et al. 2019)
Assume that (4) is the complete lift along q of the system

&= f(t,x). (5)

@ (q LES) = (CL system ES).
@ Periodic system, q bounded, then (CL system ES) = (q LES)

N i
université :@t\{
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Necessity: (¢ LES) = (CL system ES)

o 79

A5y, 7(5))
T

“C3

® exp, o (9(0)
Vt,)=7'(0)

Show:

[o(t)] < ke X0 u (ko)

L]
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@ : geodesic starting at g(¢o).

@ c;: geodesic of length s|v(t)].

@ cy: flow of v: [0,s] — M.

@ c3: geodesic ¢(t;to,v(s)) to
expy(p) (sv(t)).

Sfo(®)] = £ler) = d(alt) expy o (sv(1))
< 6(02) +£(03)
£c2) < ks\v(to)kﬂ(tfto)

It suffices to show

Lez)  d(d(t;to,V(s)), expgye)(sv(t)))

= -0

S
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Sufficiency: (CL syst. along ¢ ES) = ¢ LES.
CLsystem ES - fibre-wise linear

I

clv* < V(t,v) < ealv]?
LV (t,v) < —cslv]?

(6)

IV Ry x¢"TM - Ry st {
Extend the V to D < a bounded open neighborhood containing ¢(-)

I
The system is IES on D

I
unvertd () LES
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Corollaries

(1) If q(-) is a trajectory of & = f(x), and 3k > 0 such that
<va(:13), v>|:c=q(t) < _k<vvv>a (7)

Yo(t) € Ty M, t >0, then q(-) is LES.
(2) For autonomous system, 7 nontrivial bounded LES trajectory.
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Corollaries

(1) If q(-) is a trajectory of & = f(x), and 3k > 0 such that
<va(:13), v>|:c=q(t) < _k<vvv>a (7)

Yo(t) € Ty M, t >0, then q(-) is LES.
(2) For autonomous system, 7 nontrivial bounded LES trajectory.

(1): No need to calculate complete lift.
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Corollaries

(1) If q(-) is a trajectory of & = f(x), and 3k > 0 such that
<va(:13), v>|:c=q(t) < _k<vvv>a (7)

Yo(t) € Ty M, t >0, then q(-) is LES.
(2) For autonomous system, 7 nontrivial bounded LES trajectory.

(1): No need to calculate complete lift.

(2): Limit cycle of autonomous system |EEillOH be LES.
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Lift along ¢

(525, x)(0Y)

ox q(t)

€ Tig(t),60) TM

s=t

b= f(t,v), v(t) € TypyM (8)£Z

u
PARIS-SACLAY
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Lift along ¢
(815, ) ()
o q(1)
90
I(s) = (q(s), ¢+ (s;t,x) (0))
dr’
it att) o) = )

s=t

b= f(t,v), v(t) € TypyM

u
PARIS-SACLAY
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€ Tig(t),60) TM

(8) 7

Lift to T M

¢.(152,, x)(6x)

$(t:10.) \

integral curve of f(x)

ox

[(s) = (855, ), ba(5:1,) (6))
f(t,:(:,(s,r) = dl;l(S) S T(x,&r)TM
& s=t
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Lift along ¢
(815, ) ()
o q(1)
90
I(s) = (q(s), ¢+ (s;t,x) (0))
dr’
it att) o) = )

s=t

b= f(t,v), v(t) € TypyM

u
PARIS-SACLAY

€ Tig(t),60) TM

(8) 7

Lift to T M

¢.(152,, x)(6x)

$(t:10.) \

integral curve of f(x)

ox

I'(s) = (p(s;t,x), du(s;t, x)(0x))
f(t,:(:,(sx) = dl;é:) € T(;zc,&r)TM

(UPSacaly & HIT)
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Theorem (D. Wu et al. 2020)

Consider the system i = f(t,x), a K function «, and the CL system
v=f(t,v), veTM
Let V' be a candidate Finsler-Lyapunov function, i.e., a1, as € Ko such
that V(t,v) € Ry x TM:
ag(|6z]) < V(t,z,dz) < as(|dx]) (10)
LiV(t,v) < —a(V(tv)) (11)

then the system is
e incrementally asymptotically stable (IAS) if « is KC;
e incrementally exponentially stable (IES) if a(s) = As, A > 0.

L]
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Theorem (D. Wu et al. 2020)

Consider the system i = f(t,x), a K function «, and the CL system
v=f(t,v), veTM

Let V' be a candidate Finsler-Lyapunov function, i.e., a1, as € Ko such

that V(t,v) € Ry x TM:

ag(|6z]) < V(t,z,dz) < as(|dx|) (10)
LiV(t,v) < —a(V(tv)) (11)

then the system is
e incrementally asymptotically stable (IAS) if « is KC;
e incrementally exponentially stable (IES) if a(s) = As, A > 0.

(1). The theorem is intrinsic
(2). Recover F. Forni and R. Sepulchre's results.
(3). @1 and ag only K, even for IES.
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Theorem (D. Wu et al. 2020)

Consider the system i = f(t,x), a K function «, and the CL system
v=f(t,v), veTM

Let V' be a candidate Finsler-Lyapunov function, i.e., a1, as € Ko such

that V(t,v) € Ry x TM:

ag(|6z]) < V(t,z,dz) < as(|dx|) (10)
LiV(t,v) < —a(V(tv)) (11)

then the system is
e incrementally asymptotically stable (IAS) if « is KC;
e incrementally exponentially stable (IES) if a(s) = As, A > 0.

(1). The theorem is intrinsic
(2). Recover F. Forni and R. Sepulchre's results.
(3). @1 and ag only K, even for IES.
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Recall*

If 3 a “Finsler-Lyapunov function” V : TM — Ry, satisfying

c1|0zP < V(z,0z) < co|dz|P, V(z,d0x) € TM, (12)

OV(:U,&E)f( ) OV (z,6x) Of (x)
ox " 26x O
for¥(z,d6x) € TM and some c1,co > 0,p > 1, then the system is

dr < —a(V(x,dz)). (13)

e incrementally asymptotically stable (IAS), if o is class K.

e incrementally exponentially stable (IES), if a(s) = As, A > 0.

PARI‘E%‘FrﬁYand R. Sepulchre, “A differential lyapunov framr contraction analysis,” IEEE Transactions on Autom
Control, vol. 59, no. 3, pp. 614-628, 2014.
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In local coordinate

Let {x,v} be the local coordinate of TM, and TT M is spanned by {%, %}

Then f(t,v) is expressed as

f=

ft,m(v))
H (¢, ()

L]
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In local coordinate

Let {x,v} be the local coordinate of TM, and TT M is spanned by {%, %}
Then f(t,v) is expressed as
;| f(tm(v))
F=1s :
5z (B, m(v))v

The CL of & = f(t,x) now reads

= f(t,x)
14
5i = D) 5 (4
ox
And ﬁfV
~ 8Vx6x oV (x,6z) Of(t,x)
université EfV(x,dx) f@ 00z Oz o

PARIS-SACLAY
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Converse Theorem

Sufficient condition for contraction obtained. Is it also necessary?
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Converse Theorem

Sufficient condition for contraction obtained. Is it also necessary?

)

Does there exist weaker condition to guarantee contraction?
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Converse Theorem

Sufficient condition for contraction obtained. Is it also necessary?

)

Does there exist weaker condition to guarantee contraction?

)

Is Finsler-Lyapunov function the “right” measure of contraction?

Answer: YES!
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Converse Theorem

Sufficient condition for contraction obtained. Is it also necessary?

)

Does there exist weaker condition to guarantee contraction?

)

Is Finsler-Lyapunov function the “right” measure of contraction?

Theorem (D. Wu et al. 2020)

Consider & = f(t,z), x € M, f € C*,
p,q € M and some constant L > 0. Then the system is IES iff there exists a
Finsler-Lyapunov function and c1,ca,k > 0 s.t.

@ There exist constants cy,co such that
alv? < V(t,v) < calv?, V(t,v) € Ry x TM

@ There exists constant k > 0 such that
LV (t,v) < —kV(tv), V(tv) € R xTM

Bif(t,p) — f(t,q)| < Ld(p,q) for all

i = =
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A “near perfect” correspondence

Contraction Lyapunov Stability

State space: TM State space: M

Finsler-Lyapunov function Lyapunov function

a1 (lz]) < V(t,z,62) < az(loz]) | aq(|z]) < V(¢ x) < aa(lz])

LV (t,x,0r) < —az([oz]) | LV (t,2) < —as(]z])

L]
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New insights obtained!

But wait, what can we do with this?

° 3
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Krasovskii Theorem and contraction

Syst & = f(z),if3 P>0,k>0,s.t.
8f 8Tf
3x

(Demidovich condition), f(0) = 0, then
a Lyapunov func can be constructed?:

“lp<—kr 7

V(z) = fT(z)Pf(z), st. V< —kV,

aH. K. Khalil, Nonlinear Systems, Prentice Hall (2002).

B

£
i
i

L]
universite
PARIS-SACLAY [0 TR

(UPSacaly & HIT) Contraction Analysis: a Geometric Viewpoint



Krasovskii Theorem and contraction

Syst & = f(z),if3 P>0,k>0,s.t.
pOf an
<
PE+SEP< -kl (17)

(Demidovich condition), f(0) = 0, then
a Lyapunov func can be constructed?:

V(z) =

aH. K. Khalil, Nonlinear Systems, Prentice Hall (2002).

fH(z)Pf(z), st. V < —kV,

L]
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If (17) holds, a FLF can be constructed!
W (z,0z) = dxT Poz, (18)
LW (2,0z) < —kW(z,02)  (19)

(@8) + [(19) = 1Es = 0 ES

What is the LF?
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Krasovskii Theorem and contraction

Syst & = f(z),if3 P>0,k>0,s.t.
pOf an
<
PE+SEP< -kl (17)

(Demidovich condition), f(0) = 0, then
a Lyapunov func can be constructed?:

V(z) =

aH. K. Khalil, Nonlinear Systems, Prentice Hall (2002).

fH(z)Pf(z), st. V < —kV,
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Krasovskii Theorem and contraction

Syst & = f(z),if3 P>0,k>0,s.t.
6f 8Tf
<
PE+SEP< -kl (17)

(Demidovich condition), f(0) = 0, then
a Lyapunov func can be constructed?:

V(z) =

aH. K. Khalil, Nonlinear Systems, Prentice Hall (2002).

fH(z)Pf(z), st. V < —kV,

If (17) holds, a FLF can be constructed!
W (z,0z) = dxT Poz, (18)
LW (2,0z) < —kW(z,02)  (19)

(@8) + [(19) = 1Es = 0 ES

What is the LF?

<

(IES) +

(3 equilibrium) = How to construct LF?

PARIS-SACLAY
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A generalized Krasovskii Theorem

Theorem (D. Wu et al 2020)
If the system & = f(x) IES and f(0) = 0, with a FLF: V (z,dxz), then
@ The system is ES;

e If3 C! vector field h, with h(z) = 0 iffx = 0 and that [f,h] =0,
(in particular h = f)
W(z) = V(z, h(z))

is a Lyapunov function for the system.
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A generalized Krasovskii Theorem

Theorem (D. Wu et al 2020)
If the system & = f(x) IES and f(0) = 0, with a FLF: V (z,dxz), then
@ The system is ES;
e If3 C! vector field h, with h(z) = 0 iffx = 0 and that [f,h] =0,
(in particular h = f)
W(z) = V(z, h(z))

is a Lyapunov function for the system.

@ h not necessarily f;
@ holds on manifolds;

@ need not be quadratic.
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A generalized Krasovskii Theorem

Theorem (D. Wu et al 2020)
If the system & = f(x) IES and f(0) = 0, with a FLF: V (z,dxz), then
@ The system is ES;
e If3 C! vector field h, with h(z) = 0 iffx = 0 and that [f,h] =0,
(in particular h = f)
W(z) = V(z, h(z))

is a Lyapunov function for the system.

h not necessarily f;
holds on manifolds;
need not be quadratic.

connection to switch system: commutativity implies GES under
arbitrary switching!

— — = = SR
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A tricky proof in Euclidean space

Theorem (D. Wu et al 2020)

If the system & = f(x) IES and f(0) = 0, with a FLF: V (z,dx), then
@ The system is ES;
e If3 C! vector field h, with h(z) = 0 iffz = 0 and that [f,h] =0,

(in particular h = f)
W(z) = V(z, h(z))

is a Lyapunov function for the system.

Proof in Euclidean space

ov oV oh

W= 370+ g5z 0.7
OV V0L oh o
= T+ ggp o) (since 5o S =5 h)
. < kV(nh(2) (iRl 4+ VO 5y
universite ) ddx Ox
PARIS-SACLAY — LW
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Local property (D. Wu et al. 2021)

Recall that to guarantee IES, the following needs to be hold for all
(z,0x) € TM,
ov oV of
o1 G5r on
This can be relaxed to

ox < —kV, (20)

V|dx| < ¢, (x,0z) € TM

where c is any positive constant.

° 2
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Local property (D. Wu et al. 2021)

Recall that to guarantee IES, the following needs to be hold for all
(z,0x) € TM,
ov oV of
o1 G5r on
This can be relaxed to

ox < —kV, (20)

V|dx| < ¢, (x,0z) € TM

where c is any positive constant.

Local implies global!
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Local property (D. Wu et al. 2021)

Recall that to guarantee IES, the following needs to be hold for all
(x,0x) € TM,

ov oV 8f
%f( )+85 3e x < —kV, (20)

This can be relaxed to
V|dx| < ¢, (x,0z) € TM

where c is any positive constant.

Local implies global! |

(1). Not trivial from (20) which is not linear in dx!
(2). Key to proof: reparametrize geodesics.

PARIS=SACCAY T
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IES and LES of trajectories

complete lift along trajectory complete lift everywhere
2 00N
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IES and LES of trajectories

complete lift along trajectory complete lift everywhere

Similar tool should imply some kind of equivalence!
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IES and LES of trajectories

complete lift along trajectory complete lift everywhere

Similar tool should imply some kind of equivalence!

Theorem (D. Wu et al. 2020)

Consider the system
&= f(t,z) (21)

which is autonomous or periodic, q is a bounded solution. Then q is LES if
and only if 3 an open invariant neighborhood of q, on which the system is
IES.

v

LES of trajectories ~ IES on a region
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IES and LES of trajectories

complete lift along trajectory complete lift everywhere

Similar tool should imply some kind of equivalence!

Theorem (D. Wu et al. 2020)

Consider the system
&= f(t,z) (21)

which is autonomous or periodic, q is a bounded solution. Then q is LES if
and only if 3 an open invariant neighborhood of q, on which the system is
IES.

v

LES of trajectories ~ IES on a region

Partlcular case: x, is LES iff 3U > mﬂ the system is IES on U. °

PA E Eﬁ%rm YA Mauroy, and R. Sepulchre, “Differential poymgmaractenzes one- dimensional normally hyperbolic

attractors,” arXiv preprint arXiv:1511.06996, 2015
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Volume shrinking

Demidovich condition

of orf
P—+ —P< —cl.
ox * ox ¢
on Riemannian manifolds
(Vof,v) < —clof, (22)

Theorem (D. Wu et al. 2021 )

If the system @ = f(t,x) satisifies (22), then for any open set D with C*
boundary, vol(D) decreases exponentially.

Proof. (valid on Riemannian manifold).

@ By transport formula, %vol(D;) = Jp, (divf)vel
o divf =tr(V/)

(UPSacaly & HIT) Contraction Analysis: a Geometric Viewpoint 36 /52



Proof in Euclidean space

In Euclidien space

vol(D) = [ div fas 3
dt .
of ne
= Paw< [ -5 24
Dttr<a$) dx_/Dt 2ad$ (24)
ne
= 2 vo(D,) (25)
(24) is true since
of orf c
“J 4 T I p<
P@m u ox P< aP’
implies Re(c(0f/0z)) < —c/(2a) (weaker than contraction!)
UNIVEFsTte e
PARIS-SACLAY
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Extremum seeking on Riemannian manifolds

Assume the syst © = f(z) on M satisfies

(Vof,v) < —clo]?, VoeTU (27)
on U,
universite :@x
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Extremum seeking on Riemannian manifolds

Assume the syst © = f(z) on M satisfies
(Vof,v) < —clo?, YweTU (27)

on U, then the system has a unique ES equilibrium z, (Banach contraction).

° 3
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Extremum seeking on Riemannian manifolds

Assume the syst © = f(z) on M satisfies

(Vof,0) < —clof?, YweTU (27)

on U, then the system has a unique ES equilibrium z, (Banach contraction).

Find . numerically.

R 2
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Extremum seeking on Riemannian manifolds

Assume the syst © = f(z) on M satisfies

(Vof,0) < —clof?, YweTU (27)

on U, then the system has a unique ES equilibrium z, (Banach contraction).

Find . numerically.

Algorithm: zj, = exp,, af(zg), @ >0, exp: Riemannian exponential map.

.* £
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Extremum seeking on Riemannian manifolds

Assume the syst © = f(z) on M satisfies

(Vof,0) < —clof?, YweTU (27)

on U, then the system has a unique ES equilibrium z, (Banach contraction).

Find . numerically.

Algorithm: zj, = exp,, af(zg), @ >0, exp: Riemannian exponential map.

Find the optimal « s.t. the algorithm converges at the fastest rate.

L]
universite b=
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exp, of (x) G exp, of (y)

show = — exp, af(z) is Banach contraction.

estimate d(exp, (0f (x)), exp, (o f(1)).
~: geod. joining x to y, length £.

- \
, C,

c1: geod. exp,(af(z)) to exp,(af(y))

: e /’ ca: image of .
e
[

L]
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exp, of (x) G exp, of (y)

1N.K\ AN @ show z +— exp, af(x) is Banach contraction.
/
// C1 \( \\\ @ estimate d(exp,(af(x)),exp,(af(y))).

// “ \‘ @ ~: geod. joining x to y, length £.

] ,’ /‘ @ ci: geod. exp,(af(z)) to exp,(af(y))

" ./ /’ @ co: image of 4.

! /j(g\. /
X @ y

d(exp, (af(z)), exp, (af(y)))

IA

r

Lexp,g(af(r(s)|ds  (29)

L]
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exp, of (x) exp, of (y)
e — © ) .
A A AN show = — exp, af(z) is Banach contraction.
/ T \

estimate d(exp, (af(x)),exp,(af(y))).
~: geod. joining x to y, length £.
c1: geod. exp,(af(z)) to exp,(af(y))

co: image of 7.

\)} /j (.5)\. //

X @ y

‘1 a
dlesp (of (@)).expy (o (1)) < [ [ Zoexpy (el ()| ds (28)

exp,Y (af(y(s))) is the Jacobi field!

i.e., the solution to

° 3
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oxp, of (X) G

exp, of (y)
e — © . .
A A AN @ show z +— exp, af(x) is Banach contraction.
/ T L \ )
// ¢ \\ @ estimate d(exp,(af(x)),exp,(af(y))).
// “ ! @ ~: geod. joining x to y, length £.
|
|
] | /‘ @ ci: geod. exp,(af(z)) to exp,(af(y))
I ! / .
: ® , @ c2: image of ~.
e
X @
y

¥
d(expy (af(z)), expy (af (1)) < /

Lexp,g(af(r(s)|ds  (29)

exp,Y (af(y(s))) is the Jacobi field!
i.e., the solution to

T (r) + R(#4(r), Js(r))¢s(r) =0

Js(0) =~'(s), Jé,}%\: Vo f((s))
université :
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Estimation of the Jacobi field
£ £ o 14
/(Js(a),.ls(a))ds:2// <J;(r),Js(r)>drds+/ [J5(0)[2ds
0 0 0 0

1
= 2L +/ |7/ (s)|%ds = 2L + ¢
0

L a
L= / / <J;(r), JS(T)> drds
0 0

/T % <J§(t),Js(t)>dt+ <J;(o),JS(o)>) drds

0

/7‘ (7@, 7:(0) + (Te(e), 7)) de + ( T (0), JS(0)>> drds
0

£ £ «@
o1
université < -o® [ U(0,s)ds—c d
PARIS-SACLAY 2 0 o Jo
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Calculation results

For non-negative constant curvature K manifold

l
d(exp, (aX (2)), exp, (aX (1)) < /0

¥
< \/E\//O (Js(a), Jo(a)) ds

< f\/l —2ca+a?(1+ K)L?

% eXpa () (@ X (v(s)))‘ ds

- \/1 —2ca +a2(1+ K)L2d(z,y) (30)
@ c: the contraction rate of IES
@ K: the curvature

@ L: Lipschitz constant on Riemannan manifolds

.
universite E e
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Calculation results

For non-negative constant curvature K manifold

l
d(exp, (aX (2)), exp, (aX (1)) < /0

¥
< \/Eﬂ) (Js(a), Jo(a)) ds

< E\/l —2ca+a?(1+ K)L?2

% eXpa () (@ X (v(s)))‘ ds

- \/1 —2ca +a2(1+ K)L2d(z,y) (30)
@ c: the contraction rate of IES
@ K: the curvature

@ L: Lipschitz constant on Riemannan manifolds

c . —1 02
contraction rate™ - = 4 /1 —

optmal e s = T - RE |

e
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Speed observer of Lagrangian systems

Hor d’oeuvre
Newton's 2nd law for free motion:

¢=0, (31)
Matrix form:
d lq| |0 1} |g
dt 1yl o o] |v (32)
y=4q
universite :@:
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Speed observer of Lagrangian systems

Hor d’oeuvre
Newton's 2nd law for free motion:

i=0, (31)

Matrix form:

dt |, 0 0| |v (32)

Yy=49q
Standard Luenberger observer:

A — ’i} — A
{q A(q q), a,3>0
b=—-B(G—q)
s 7N
universite RS 74
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Moving from Euclidean to Riemannian

PARIZ g.“&éh’%!man and P. Rouchon, "“An intrinsic observer for\% of lagrangian systems,” |IEEE Transactions on Auto

Control, vol. 48, no. 6, pp. 936-945, 2003.
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Moving from Euclidean to Riemannian

System: V4G = 0 or
g=v, Vev=0, geM,veT,M (34)

Speed observer: reconstruct v using ¢. Consider °

F': square distance, R: curvature tensor, grad: gradient

PARI .Agéh%%nan and P. Rouchon, “An intrinsic observer for Srekas of lagrangian systems,” IEEE Transactions on Automatic

Control, vol. 48, no. 6, pp. 936-945, 2003.
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Moving from Euclidean to Riemannian

System: V4G = 0 or
g=v, Vev=0, geM,veT,M (34)
Speed observer: reconstruct v using q. Consider
(35)

b —agrad F(4,q)

q=
{V 0= —pegrad F(§,q) + R(d,grad F)?

F': square distance, R: curvature tensor, grad: gradient

..
PARIZ g“&"h’%nnan and P. Rouchon, "“An intrinsic observer for of lagrangian systems,” |IEEE Transactions on Automatic
Control, vol. 48, no. 6, pp. 936-945, 2003.
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Moving from Euclidean to Riemannian

System: V4G = 0 or
g=v, Vev=0, geM,veT,M (34)
Speed observer: reconstruct v using ¢. Consider °
(35)

=0 —agrad F(q,q)
V0 = —Bgrad F(q,q) + R(0,grad F')d

F': square distance, R: curvature tensor, grad: gradient

..
PARIZ g.“ﬁéh%mnan and P. Rouchon, “An intrinsic observer for of lagrangian systems,” IEEE Transactions on Automa
Control, vol. 48, no. 6, pp. 936-945, 2003.
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Contraction analysis in local coordinates

N. Aghannan and P. Rouchon
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Contraction analysis in local coordinates

N. Aghannan and P. Rouchon
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Contraction analysis in local coordinates
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Intrinsic LES analysis = (Contraction analysis)

b ;
Observer {Vé’f) = —BVF(q,

Rewrite the observer as
V4G = —aV;VF — BVF + R(§,VF)(§+aVF)

= ¢(-) a solution to (36).
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Intrinsic LES analysis = (Contraction analysis)

Ob :
server {Vg'f’ = —BVF(zj,
Rewrite the observer as

VG = —aV;VF — BVF + R(§, VF)(§+ aVF)

= ¢(-) a solution to (36).

Analyze the LES of ¢(+)

(36)
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4
|
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LES analysis of ¢(+)

variation by Lie transport

+ R(q,VF)(¢+aVF)
q(t)
\\ (37)
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LES analysis of ¢(+)

variation by Lie transport

. + R(§,VF)(§+aVF)
q(t)
\ (37)

The covariant derivative in the direction of ¢’ (the Lie transport):

VVii=—aVyV;VF - BV VF + Vy[R(§,VF)(§+aVF)]
= —aV;VgVF —aR(§,§)VF — fVyVF
+ Vg [R(G, VF)(§+aVF)]
= avéq“ — B¢ + R(§, V4V F)§

université qq - Bq (@@a
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LES analysis of ¢(+)

The above calculation results in

D*q D§ ..
e g T =0 (38)

¢ the Lie transport along ¢(t), £ the covariant derivative along ¢(t).
Equation (38) has the following structure

I+ at+ Bxr=0
where «, 5 > 0, which is ES.
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LES analysis of ¢(+)

The above calculation results in

D2Q/ qu/ .
mta 87 =0 (38)

¢ the Lie transport along ¢(t), £ the covariant derivative along ¢(t).
Equation (38) has the following structure

I+ at+ Bxr=0

where «, 5 > 0, which is ES.
Equip T'M with a variant of Sasaki metric

4
Complete lift system along ¢(-) is ES
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LES analysis of ¢(+)

The above calculation results in

D2Q/ qu/ .
mta 87 =0 (38)

¢ the Lie transport along ¢(t), £ the covariant derivative along ¢(t).
Equation (38) has the following structure

I+ at+ Bxr=0

where «, 5 > 0, which is ES.
Equip T'M with a variant of Sasaki metric

4
Complete lift system along ¢(-) is ES
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Conclusion and perspective

Conclusion
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Conclusion and perspective

Conclusion

@ A geometric framework for contraction analysis: fundamental
theorems, novel characterizations, connection to Lyapunov theory.
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Conclusion and perspective

Conclusion
@ A geometric framework for contraction analysis: fundamental
theorems, novel characterizations, connection to Lyapunov theory.

@ Study contraction related practical examples: extremum seeking,
synchronization, observers, robustness of NHIM etc.
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Conclusion and perspective

Conclusion

@ A geometric framework for contraction analysis: fundamental
theorems, novel characterizations, connection to Lyapunov theory.

@ Study contraction related practical examples: extremum seeking,
synchronization, observers, robustness of NHIM etc.
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Conclusion

@ A geometric framework for contraction analysis: fundamental
theorems, novel characterizations, connection to Lyapunov theory.

@ Study contraction related practical examples: extremum seeking,
synchronization, observers, robustness of NHIM etc.

Perspective

o From theory to practice: analysis — design.
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Conclusion and perspective

Conclusion

@ A geometric framework for contraction analysis: fundamental
theorems, novel characterizations, connection to Lyapunov theory.

@ Study contraction related practical examples: extremum seeking,
synchronization, observers, robustness of NHIM etc.

Perspective
o From theory to practice: analysis — design.

@ Converse theorem for IAS.
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Conclusion and perspective

Conclusion

@ A geometric framework for contraction analysis: fundamental
theorems, novel characterizations, connection to Lyapunov theory.

@ Study contraction related practical examples: extremum seeking,
synchronization, observers, robustness of NHIM etc.

Perspective
o From theory to practice: analysis — design.
@ Converse theorem for IAS.

@ Extreme seeking on non-constant curvature manifold.
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Conclusion and perspective

Conclusion

@ A geometric framework for contraction analysis: fundamental
theorems, novel characterizations, connection to Lyapunov theory.

@ Study contraction related practical examples: extremum seeking,
synchronization, observers, robustness of NHIM etc.

Perspective
o From theory to practice: analysis — design.
@ Converse theorem for IAS.
@ Extreme seeking on non-constant curvature manifold.
°

Learning: Koopman operator, contracting neural network.
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Conclusion and perspective

Conclusion

@ A geometric framework for contraction analysis: fundamental
theorems, novel characterizations, connection to Lyapunov theory.

@ Study contraction related practical examples: extremum seeking,
synchronization, observers, robustness of NHIM etc.

Perspective
o From theory to practice: analysis — design.
Converse theorem for IAS.
Extreme seeking on non-constant curvature manifold.
Learning: Koopman operator, contracting neural network.
Differential positive system, monotone systems.
73N
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Questions?
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Backup slides
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Sketch of the proof

t (o(tito,7(s)), Lie(y'(s))(tsto)) € TM

/\

7(8 N ¢(t t Xz)

*\\ Lle(r (Nt >]

s L R

\
—— —

(it %)

@ ci: geodesic from ¢(t;t9,x1) to
¢(t; to, x2)
@ ¢y flaw of the geodesic v
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Sketch of the proof

t (o(tito,7(s)), Lie(y'(s))(tsto)) € TM

},(S \ solution to the CL lift system
/ +
~ .¢(ttaxz) LV < —a(V)
\\ ey Y
~ ? V(t,Lie(v'(s))(t; to)) < B(V (o, (s)),t — to)
G0 L E— (39)
Xy ‘\\ Cz\\\ “Cl
N \ ‘
e L | S
#(tite, %)

@ ci: geodesic from ¢(t;t9,x1) to
¢(t; to, x2)
@ ¢y flaw of the geodesic v
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Sketch of the proof
t (o(tito,7(s)), Lie(y'(s))(tsto)) € TM

.
V4 (S \
/ T #(Gt)

\\ Lie(y'(s))(t;tux]f
Hetr@) |

~ \ ‘

— N,

(L, %)

@ ci: geodesic from ¢(t;t9,x1) to

¢(t, t07 $2)

@ ¢y flaw of the geodesic v
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solution to the CL lift system
_l’_
L7V < —a(V)

I

V(t, Lie(y'(s))(t; to)) < B(V (to,~'(s)),
(39)
d(o(t;to, x1), d(t; to, x2)) < £(c2)

¢
< [ |Lie(y'(s))(t;t0)lds

£
< / o7 {(V(t, Lie(y'(s))(t:0)))ds  (40)
0
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Sketch of the proof
t (o(tito,7(s)), Lie(y'(s))(tsto)) € TM

solution to the CL lift system

/ \ +
7(8) ¢(t:tu,xz) L;V < —a(V)
\\ Lig @Y | ¢
V (t, Lie(v'(s))(t;t0)) < B(V(to,7'(s)),t — to)
) I (39)
X L cz\\ 1Cy
\\\ \ ! d(¢(t; to, z1), d(t; to, z2)) < £(cz2)
T— 7\.‘7 . Y
#(tt5, %) | Lie(y/(s))(t; to)|ds

@ ci: geodesic from ¢(t;t9,x1) to S/ a7 H(V (L, Lie(v'(s))(t; to)))ds  (40)
o(t;to, z2) 0

@ ¢y flaw of the geodesic v
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Finsler-Lyapunov function: a relaxation

Definition (D. Wu et al. 2021)

Given a Finsler structure F' on M, a candidate Finsler-Lyapunov function on
U C MisaC" function V : Ry x TM — R satisfying

a1 (F(z,0z)) < V(t,z,0z) < ag(F (x,02)), V(t,z,0z) e Ry x TM|y (41)

where ay, as are Ko functions.
v

@ On Riemannian manifolds, F'(z,dz) = |dz|,

@ In F. Forni and R. Sepulchre 2014, a1, ag are o;(s) = ¢;sP for p > 1.

)
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